Consider the question: Given integers k < d < n, does there exist a simple d-polytope with n faces of dimension k? We show that there exist numbers G(d; k) and N (d; k) 
Introduction
An integer n will be called (d; k)-realizable if there is a simple d-polytope with n faces of dimension k. For terminology and basic properties of polytopes we refer to the literature, see e.g. Z].
We show, see Theorem 7, that there exist numbers G(d; k) The G(d; k)-divisible numbers that are not (d; k)-realizable will be called (d; k)-gaps. Thus there are only nitely many gaps for all d > k 0. In this paper we study the numbers G(d; k) and N(d; k) . Our proofs rely on the g-theorem.
To give some feeling for the results, let us discuss a few special cases. The parity restrictions that exist for each dimension k are easiest to understand for the case of vertices (k = 0). Namely, the graph of a simple d-polytope is dregular, so if the polytope has n vertices then it has dn 2 edges. Hence, if d is odd n must be even. This is in fact the only constraint, and we have G(d; 0) = 1; d even 2; d odd.
This result is due to Lee Le] , who initiated the study of properties of vertexcount numbers of simple polytopes. Via the regular graph property this also implies the result for edge-count numbers: It is also of interest to study the magnitude of the numbers N(d; k) (de ned as the smallest possible ones for which the above statement is true). Again, this has been studied for the case of vertices by Prabhu P2] 
2 is even, let e be the integer such that 2 e k + 1 < 2 e+1 . Part (ii) shows that if k is odd then the period extended by k is symmetric (mod p r ), and if k is even then it is antisymmetric. The lemma is illustrated by the following modular Pascal triangle. For each prime p de ne the valuation v p : ZZ n f0g ! N by v p (n) = s, where p s is the highest power of p that is a divisor to n. We will frequently use that The second part of the lemma is obvious when 0 i k, since both sides are zero (for the left-hand side this follows from (i)). Therefore, assume that k < i < p e+r . For each j 6 = 0 write j = p minfvp(j);eg q j . Then, for 0 < j < p e+r : q p e+r ?j p r q ?j = ?q j :
We have the equality i k + 1 We claim that = 0:
The equality follows from (2), and the inequality will soon be proved. The two identities therefore give, using (4) G(116; 9) . Since k = 9 is odd we calculate the greatest common divisor of 116 ? 9 + 1 = 108 and 2 3 3 2 5 7 which is 36. We get G(116; 9) = 118=36 = 3.
Periodicity of (d; k)-realizable numbers
We will now show the general theorem about the ultimately stable periodic distribution of the (d; k)-realizable numbers. 
The case of vertices
The only case of (d; k)-realizability that seems to have been previously studied is for k = 0, i.e., the number of vertices. We will make a more exact analysis of that case. 
